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Abstract
In this work, we introduce some classical and neoclassical Tauberian-like conditions to retrieve subsequential convergence of a
real sequence {un} and some other sequences related to it out of the boundedness of the sequence {un}. Consequently we obtain
significant information about subsequential behavior of the sequence.
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1. Introduction
Classical Tauberian theory studies the class of all sequences {un} for which
lim
x→1−(1− x)
∞∑
n=0
unx
n (1)
exists. The existence of the limit (1) does not necessarily imply convergence of {un}. However, it controls the
divergence of {un}. Therefore, the class of all sequences for which the limit (1) exists is the class of all sequences
whose divergence is manageable. One of the main objectives of classical Tauberian theory is to retrieve convergent
sequences out of the existence of the limit (1) by restricting the oscillatory behavior of sequences {un}. If the
conditions, so-called Tauberian conditions, for the oscillatory behavior of {un} are considerably weakened, then we
may not obtain convergence of {un} out of the existence of the limit (1), but we obtain a deeper insight into the
structure of {un}. Several results of this kind are given in [1] and suggest a new kind of convergence, namely the
subsequential convergence (see Section 2).
Since subsequential convergence may be viewed as a generalized convergence, the conditions that we will propose
for the subsequential convergence recovery of {un} out of boundedness of the sequence must bear some similarity to
classical Tauberian conditions. The original Tauber’s condition [2], ∆un = un − un−1 = o( 1n ) as n → ∞, tells us
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that {∆un} vanishes in a particular way. This condition is clearly more than sufficient to produce convergence of {un}
out of the existence of the limit (1). Since subsequential convergence is similar to plain convergence, we could expect
our Tauberian-like condition to be less restrictive.
Since boundedness is a necessary condition for subsequential convergence, we pose a Tauberian-like question:
Under which condition(s) is a bounded sequence {un} subsequentially convergent? We will answer this question and
similar ones in the rest of the work.
2. Definitions and notation
Throughout this work u = {un} is a sequence of real numbers. The following notation will be used: For any
nonnegative integer n and for each integer m ≥ 1,
∆un = un − un−1, u−1 = 0; σ (m)n (u) = σ (1)n (σ (m−1)(u)), where σ (o)n (u) = un,
σ (1)n (u) =
1
n + 1
n∑
k=0
uk = u0 +
n∑
k=1
V (o)k (∆u)
k
; V (m)n (∆u) = σ (1)n (V (m−1)(∆u)),
where V (o)n (∆u) =
1
n + 1
n∑
k=0
k∆uk .
The Kronecker identity, un − σ (1)n (u) = V (o)n (∆u), is well known and will be used extensively.
Definition 1. A sequence {un} is called subsequentially convergent [1,3] if there exists a finite interval I (u) such that
all accumulation points of {un} are in I (u) and every point of I (u) is an accumulation point of {un}. Equivalently, for
every r ∈ I (u) there exists a subsequence {un(r)} of {un} such that limn(r) un(r) = r .
It is clear that subsequential convergence implies boundedness of the sequence. However, the converse is not
true. Namely, there are bounded sequences that do not converge subsequentially. For instance, {(−1)n} is a bounded
sequence, but not subsequentially convergent.
Definition 2. A sequence {un} is slowly oscillating [4] if
lim
λ→1+ limn maxn+1≤k≤[λn]
∣∣∣∣∣ k∑
j=n+1
∆u j
∣∣∣∣∣ = 0.
Notice that there are subsequentially convergent sequences that are not slowly oscillating. For instance, the
sequence {sin(∑nk=1 log kk )} is subsequentially convergent, but not slowly oscillating. Since slowly oscillating
sequences may be unbounded, there are slowly oscillating sequences that are not subsequentially convergent. For
example, the sequence {log n} is slowly oscillating, but not subsequentially convergent.
Since σ (1)n (u) = u0 +∑nk=1 V (o)k (∆u)k , from the Kronecker identity, we write {un} as
un = V (o)n (∆u)+
n∑
k=1
V (o)k (∆u)
k
+ u0. (2)
It is shown in [5] that if {un} is slowly oscillating, then {V (o)n (∆u)} is bounded. Therefore, the slow oscillation of
{un}may be redefined in terms of its generating sequence {V (o)n (∆u)}. By (2), it is clear that a sequence {un} is slowly
oscillating if and only if {V (o)n (∆u)} is bounded and slowly oscillating [6].
3. Lemmas
We need the following lemmas to prove the theorems in the next section.
Lemma 1 ([1,3]). Let {un} be a sequence such that ∆un = o(1) as n → ∞. If {un} is bounded, then {un} is
subsequentially convergent.
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A proof may be found in [1,3].
Lemma 2 ([3]). If a sequence {un} is slowly oscillating and its (C, 1)-mean {σ (1)n (u)} is convergent, then {un} is
convergent.
4. Applications to classical Tauberian theory
In this section, we will introduce some Tauberian-like conditions to retrieve subsequential convergence of {un} out
of boundedness of the sequence. Hence, we will provide some answers to the question posed in the first section.
By generalizing Tauber’s condition [2], ∆un = o( 1n ) as n → ∞, we may generalize Littlewood’s condition [7],
n∆un = O(1) as n →∞, and obtain the proper Tauberian condition for subsequential convergence recovery of {un}
out of its boundedness.
The condition, n∆un = O(An) as n → ∞, where {An} is an unbounded sequence, is a generalization
of Littlewood’s condition. Clearly, some additional conditions on {An} may be needed to get the subsequential
convergence of {un} out of the boundedness of {un}.
Theorem 1. Let {un} be a bounded sequence and let {An} be a real sequence such that
1
n
n∑
k=1
|Ak |p = O(1) as n →∞, p > 1. (3)
If n∆un = O(An) as n →∞, then {un} is subsequentially convergent.
Proof. From (3), it follows that the sequence {∑nk=1 Akk } is slowly oscillating. Indeed,
max
n+1≤k≤[λn]
∣∣∣∣∣ k∑
j=n+1
A j
j
∣∣∣∣∣ ≤ maxn+1≤k≤[λn]
k∑
j=n+1
∣∣∣∣ A jj
∣∣∣∣ ≤ [λn]∑
j=n+1
∣∣A j ∣∣
j
≤ 1
n + 1
[λn]∑
j=n+1
∣∣A j ∣∣
= [λn] − n
n + 1
1
[λn] − n
[λn]∑
j=n+1
∣∣A j ∣∣
≤ [λn] − n
n + 1
1
([λn] − n) 1p
( [λn]∑
j=n+1
∣∣A j ∣∣p)
1
p
= ([λn] − n)
1− 1p
n + 1
( [λn]∑
j=n+1
∣∣A j ∣∣p)
1
p
= ([λn] − n)
1
q
n + 1
( [λn]∑
j=n+1
∣∣A j ∣∣p)
1
p
, where
1
p
+ 1
q
= 1
≤ ([λn] − n)
1
q
(n + 1) 1q
(
[λn] + 1
n + 1
1
[λn] + 1
[λn]∑
j=0
∣∣A j ∣∣p)
1
p
= ([λn] − n)
1
q
(n + 1) 1q
([λn] + 1) 1p
(n + 1) 1p
(
1
[λn] + 1
[λn]∑
j=0
∣∣A j ∣∣p)
1
p
.
Taking the limsup of both sides, we get
lim
n
max
n+1≤k≤[λn]
∣∣∣∣∣ k∑
j=n+1
A j
j
∣∣∣∣∣ ≤ limn
( [λn] − n
n + 1
) 1
q
( [λn] + 1
n + 1
) 1
p
lim
n
(
1
[λn] + 1
[λn]∑
j=0
∣∣A j ∣∣p)
1
p
= limn
( [λn] − n
n + 1
) 1
q
( [λn] + 1
n + 1
) 1
p
lim
n
(
1
[λn] + 1
[λn]∑
j=0
∣∣A j ∣∣p)
1
p
≤ (λ− 1) 1q λ 1pC,
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where C is a constant from (3). Letting λ → 1+, we have limλ→1+ limn maxn+1≤k≤[λn]
∣∣∣∑kj=n+1 A jj ∣∣∣ ≤
C limλ→1+(λ− 1)
1
q λ
1
p = 0. Since ∆un = O( Ann ) as n →∞ and slow oscillation of {
∑n
k=1
Ak
k } implies Ann = o(1)
as n →∞, we have∆un = o(1) as n →∞. Hence, subsequential convergence of {un} follows from Lemma 1. 
The conclusion that {un} converges subsequently remains valid if the assumption that {un} is bounded is replaced
by the weaker assumption that {σ (1)n (u)} is bounded.
Notice that the conditions
(i) n∆un = o(1) as n →∞ [2],
(ii) n∆un = O(1) as n →∞ [7],
(iii) V (o)n (|∆u|, p) = 1n+1
∑n
k=0 k p|∆u|p = O(1) as n →∞, p > 1 [8],
(iv) {un} is slowly oscillating
are some of the classical Tauberian conditions that imply ∆un = o(1) as n →∞.
The following Tauberian-like theorems provide some answers to the above posed question.
Theorem 2. Let {un} be a bounded sequence. If {∆un} is slowly oscillating, then {un} is subsequentially convergent.
Proof. From un = σ (1)n (u)+ V (o)n (∆u), we have
∆un = V
(o)
n (∆u)
n
+∆V (o)n (∆u). (4)
Since {un} is bounded, {V (o)n (∆u)} is bounded. From (4) it follows that {∆V (o)n (∆u)} is slowly oscillating. Since
1
n
∑n
k=1∆V
(o)
k (∆u) = V
(o)
n (∆u)
n → 0 as n →∞ and {∆V (o)n (∆u)} is slowly oscillating,∆V (o)n (∆u) → 0 as n →∞
from Lemma 2. Hence, ∆un → 0 as n →∞ from (4). By Lemma 1, {un} is subsequentially convergent. 
Theorem 3. Let {un} be a bounded sequence. If {un} is slowly oscillating, then {un} is subsequentially convergent.
The proof of Theorem 3 follows from the fact that {un} slowly oscillating implies ∆un = o(1) as n →∞.
In Theorem 3, we can replace slow oscillation of {un} by any of the conditions (i)–(iii) to obtain subsequential
convergence of {un} since the conditions (i)–(iii) imply slow oscillation.
As the next theorem shows, if we do not assume the above additional Tauberian-like conditions, we can still retrieve
subsequential convergence of some sequences that are related to {un}.
Theorem 4. Let {un} be a bounded sequence. Then, for any integer m ≥ 1, the sequences {σ (m)n (u)} and {V (m)n (∆u)}
are subsequentially convergent.
Proof. Since {un} is bounded, the sequences {σ (1)n (u)} and {V (o)n (∆u)} are also bounded. From boundedness of
{V (o)n (∆u)}, it follows that {σ (1)n (u)} is slowly oscillating. Thus, for any integer m ≥ 1, the sequence {σ (m)n (u)} is
slowly oscillating and bounded. Therefore, for any integer m ≥ 1, subsequential convergence of {σ (m)n (u)} follows
from Theorem 3. On the other hand, since {V (o)n (∆u)} is bounded, the sequence {V (m)n (∆u)} for any integer m ≥ 1 is
slowly oscillating and bounded. Hence, Theorem 3 yields subsequential convergence of {V (m)n (∆u)} for any integer
m ≥ 1. 
So far, in the previous theorems, we have obtained either subsequential convergence of a bounded sequence
{un} by restricting its oscillatory behavior or subsequential convergence of certain sequences related to the bounded
sequence {un}without restricting the oscillatory behavior of the sequence. However, we may also obtain subsequential
convergence of some sequences related to an unbounded sequence {un}.
Theorem 5. If {un} is a slowly oscillating sequence, then the sequence {V (m)n (∆u)} for each nonnegative integer m
is subsequentially convergent.
Proof. From the slow oscillation of {un}, it follows that {V (o)n (∆u)} = {un − σ (1)n (u)} is bounded and slowly
oscillating. Hence, the sequence {V (m)n (∆u)} for each nonnegative integerm is slowly oscillating and bounded. Hence,
Theorem 3 yields subsequential convergence of {V (m)n (∆u)} for each nonnegative integer m. 
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Setting m = 0 in Theorem 5, we retrieve subsequential convergence of the difference between the sequence
{un} and its (C, 1)-mean {σ (1)n (u)} just by knowing the slow oscillation of the sequence {un}, which need not be
bounded.
References
[1] F. Dik, Tauberian theorems for convergence and subsequential convergence with controlled oscillatory behavior, Math. Morav. 5 (2001) 19–56.
[2] A. Tauber, Ein Satz aus der Theorie der unendlichen Reihen, Monatsh. Math. 8 (1897) 273–277.
[3] Cˇ.V. Stanojevic´, Analysis of divergence: Applications to the Tauberian theory, in: Graduate Research Seminars, University of Missouri, Rolla,
1999.
[4] Cˇ.V. Stanojevic´, in: I˙. C¸anak, Analysis of Divergence: Control and Management of Divergent Process, in: Graduate Research Seminar Lecture
Notes, University of Missouri, Rolla, 1998.
[5] O. Sza´sz, Introduction to the Theory of Divergent Series, Lectures by O. Sza´sz, written by J. Barlaz, University of Cincinnati, 1944.
[6] M. Dik, Tauberian theorems for sequences with moderately oscillatory control modulo, Math. Morav. 5 (2001) 57–94.
[7] J.E. Littlewood, The converse of Abel’s theorem on power series, Proc. London Math. Soc. 9 (2) (1911) 434–448.
[8] G.H. Hardy, J.E. Littlewood, Tauberian theorems concerning power series and Dirichlet’s series whose coefficients are positive, Proc. London
Math. Soc. 13 (2) (1914) 174–191.
